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Abstract: We study the factorization and resummation prediction on the jet mass
spectrum in one-jet inclusive production at the LHC based on soft-collinear effective
theory. The soft function with anti-kT algorithm is calculated at next-to-leading
order and its validity is demonstrated by checking the agreement between the ex-
panded leading singular terms with the exact fixed-order result. The large logarithms
lnn(m2J/p
2
T ) and the global logarithms ln
n(s4/p
2
T ) in the process are resummed to all
order at next-to-leading logarithmic and next-to-next-to-leading logarithmic level,
respectively. The cross section is enhanced by about 23% from the next-to-leading
logarithmic level to next-to-next-to-leading logarithmic level. Comparing our resum-
mation predictions with those from Monte Carlo tool PYTHIA and ATLAS data at
the 7 TeV LHC, we find that the peak positions of the jet mass spectra agree with
those from PYTHIA at parton level, and the predictions of the jet mass spectra with
non-perturbative effects are in coincidence with the ATLAS data. We also show the
predictions at the future 13 TeV LHC.
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1 Introduction
The substructure of jets produced at the Large Hadron Collider (LHC) has become
one of the hot topics for both theorists and experimentalists. The particles such as
massive electroweak bosons, top quark and other possible new resonances produced
with transverse momenta much greater than their masses, i.e., pT ≫ m, can decay to
hadronic products, which are almost collinear and may be recombined into a single
jet by jet algorithms. Therefore it is necessary to find a way to distinguish the
interesting signal jets from the purely QCD backgrounds.
During the past few years, many studies on jet substructures have been per-
formed [1–13], in which new techniques and observables have been designed to an-
alyze the events. The event generators such as SHERPA [14, 15], PYTHIA [16, 17]
and HERWIG++ [18, 19], can provide fully differential events, by which any observable
can be predicted and compared with data. However, the various event generators
employ different models for parton shower and non-perturbative effects, such as the
hadronization and multiparton interactions. As a consequence, they might provide
very different predictions. For instance, the jet mass spectra from the PYTHIA and
the HERWIG++ do not agree with each other, as shown in ref. [20]. Moreover, there is
a type of color correlation between the initial and final colored particles that is not
taken into account in these event generators.
In order to obtain more precise predictions and test the validity of the Monte
Carlo tools, it is important to develop a theoretical framework to study the jet
substructure. Recently, various jet substructure observables have been investigated
analytically based on soft-collinear effective theory (SCET) [21–29] and the tradi-
tional perturbative QCD (pQCD) resummation formalism [30–34]. For example, the
factorization and resummation prediction of the jet angularity in the multijet pro-
duction at e+e− colliders have been studied in refs. [23, 24], and the invariant mass
and energy profile of jets at hadron colliders have been explored in refs. [31, 32].
The theoretical developments of prediction on jet mass spectrum at hadron col-
liders can be found in [28, 32, 33, 35]. In ref. [32], the jet mass was investigated with
the pQCD resummation formalism by focusing on the processes independent jet func-
tion, where it was found that the nonperturbative effects are important at small jet
mass. The author of ref. [33] studied the distributions of mJ/p
J
T in pp → dijet and
Z + 1 jet processes at NLL, using the formula in refs. [36, 37], and including resum-
mation effects of non-global logrithms (NGLs) in large-Nc approximation. The jet
mass spectrum with the Higgs + 1 jet process was discussed [35] in the N -jettiness
global event shape [38]. The factorization formula and resummation prediction of
the jet mass spectrum for direct photon production in the framework of SCET was
provided in ref. [28], where the soft function was factorized into two pieces with
different scales. Thought the non-global logarithms were not resummed there, their
contribution were estimated and it was found that the NGLs only affect the jet mass
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Pa Pb
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Figure 1. The illustrative picture for dijet production at the LHC. The blue and red arcs
denote the collinear and soft gluons, respectively.
spectrum in the peak regions significantly.
Studies of the jet mass can not only help us understand QCD, but also be useful
to search for new physics, especially in the complex QCD environment of the LHC.
In particular, if we want to identify the mass peak of a highly boosted particle, the
jet mass spectrum of QCD background must be calculated precisely. Actually, the
jet invariant mass were explored in both ATALS and CMS collaborations at the 7
TeV LHC [20, 39]. From these results, we can see that the jet mass mJ peaks at
about 50 GeV, which can be much smaller than the transverse momenta of jet pT .
Therefore there exist large logarithmic terms α
n
s
m2
J
lnm(m2J/p
2
T ) with m ≤ 2n − 1 in
the perturbative calculations near the peak region, which need to be resummed to
all order in order to give reliable predictions.
In this paper, we study one of the simplest jet substructures, i.e. the invariant
mass of a jet, and investigate the factorization and resummation prediction on the
jet mass spectrum in SCET for one-jet inclusive production at the LHC. Compared
with direct photon process [28], the factorization formula for dijet process is more
complicated due to the nontrivial color structure and associating soft radiation. The
illustrative picture of this process is shown in figure 1. Since the soft radiation can
either be inside or outside the cone of the measured jet, there are two kinematic
variables which can lead to large logarithms at threshold limit: one is the invariant
mass mJ of the measured jet, and another is the invariant mass
√
s4 of the partonic
system that recoils against the observed jet. In the threshold region m2J → 0 and
s4 → 0, both of the large logarithms lnn(m2J/p2T ) and lnn(s4/p2T ) need to be resummed
to all order. In the threshold limits, the cross section can be factorized as
σ = fPa ⊗ fPb ⊗H ⊗ S ⊗ Jobs. ⊗ J rec. , (1.1)
where H , S, J , fP are the hard function, soft function, jet function and parton
distribution function (PDF), respectively. Both of the hard and soft function are
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matrices in color space. The hard function includes the short distance contributions
arising from virtual corrections. The jet function presents the collinear radiation in
the jet. The indices “obs.” and “rec.” denote the observed jet and the recoiled
one, respectively. The effects from soft gluon emission are incorporated in the soft
function and its phase space is constrained by the jet algorithms. It is noteworthy
that the large angle soft gluon arising from the initial state radiation (ISR) and
recoiled final state radiation are taken into account in this formalism. In contrast to
the cone algorithm adopted in ref. [28], we choose anti-kT algorithm [40] to calculate
the jet and soft functions, which is boost-invariant and stable against the change of
jet boundary [41]. Thus, our prediction can be valid for the jet with both small and
large rapidity, and is more useful for phenomenological purposes.
This paper is organized as follows. In section 2, we analyze the kinematics of
the one-jet inclusive production at hadron colliders and give the definition of the
threshold region. In section3, we derive the factorization formula. In section 4 and
section 5, we show the results of hard function and jet function at NLO, respectively.
We calculate the soft function at NLO and present its refactorization in section 6. In
section 7, we give the final renormalization group (RG) improved cross section ana-
lytically. In section 8, we discuss the numerical results of the jet mass distribution for
one-jet inclusive production at the LHC, including the leading singular distribution
at threshold limit, scale uncertainties, R dependence, distinction between quark jets
and gluon jets, and comparison between the RG improved predictions and ATLAS
data. We conclude in section 9.
2 Analysis of kinematics and factorization
In this section, we introduce the relevant kinematical variables and the factorization
formula needed in our analysis. We consider the process
N1(Pa) +N2(Pa)→ J(pJ1) +X , (2.1)
where J denotes the leading final jet, and mJ is its invariant mass. The partonic
channels include qq → qq, gg → qq, gg → gg and their various crossing ones. The
Feynman diagrams at leading order (LO) are shown in appendix A.
It is convenient to introduce two lightlike vectors nµa = (1, 0, 0, 1) and n
µ
b =
(1, 0, 0,−1) along the beam directions, and another lightlike vector nJ = (1, nˆJ)
along the measured jet direction. In the center-of-mass (CM) frame of the initial
partons, for the one-jet inclusive production, the momentum of recoiling parton to
the observed jet is along the direction n¯J = (1,−nˆJ). In the CM frame of the
hadronic collision, the momenta of the incoming hadrons are given by
P µa = ECM
nµa
2
, P µb = ECM
nµb
2
. (2.2)
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Here ECM is the CM energy of the collider and we have neglected the mass of the
hadrons. The momenta of the incoming partons, with a light-cone momentum frac-
tion of the hadronic momenta, are
pa = xaECM
nµa
2
, pb = xbECM
nµb
2
. (2.3)
The hadronic kinematic invariants are defined as
s = (Pa + Pb)
2 , t1 = (Pa − pJ1)2 −m2J1 , u1 = (Pb − pJ1)2 −m2J1 ,
M2X ≡ P 2X = (Pa + Pb − pJ1)2 = s+ t1 + u1 +m2J1 , (2.4)
and the partonic ones are defined as
sˆ = (pa + pb)
2 = xaxbs , tˆ1 = (pa − pJ1)2 −m2J1 = xat1 , uˆ1 = (pb − pJ1)2 −m2J1 = xbu1 ,
s4 ≡ m2X = (pa + pb − pJ1)2 = sˆ+ tˆ1 + uˆ1 +m2J1 , (2.5)
where p2J1 = m
2
J1
. In the threshold limits, we have p2J1 → 0 and s4 → 0. The
kinematic region we are interested in is
sˆ , tˆ1 , uˆ1 ≫ m2J , s4 ≫ Λ2QCD (2.6)
Any four vector can be decomposed along the light-like reference vector ni
pµ = (ni · p) n¯
µ
i
2
+ (n¯i · p)n
µ
i
2
+ pµ⊥ = p
+ n¯
µ
i
2
+ p−
nµi
2
+ pµ⊥ . (2.7)
Hence the momentum pµ can be denoted by pµ = (p+, p−, p⊥). The momentum modes
relevant to our discussions are the collinear mode pµnJ ∼
√
sˆ(λ2, 1, λ), anti-collinear
mode pµn¯J ∼
√
sˆ(1, λ2, λ) and soft mode pµs ∼
√
sˆ(λ2, λ2, λ2), where λ = mJ/
√
sˆ is
treated as a small expansion parameter. In the partonic threshold limits mJ → 0 and
s4 → 0, the radiation is constrained to be either soft or collinear with the final-state
partons.
In order to identify energetic cluster of radiation, the sequential recombination
jet algorithms are used. The longitudinal boost invariant distance measures dij and
diB are defined by
dij = min(p
α
T,i, p
α
T,j)∆Rij/R , ∆Rij =
√
(yi − yj)2 + (φi − φj)2 ,
diB = p
α
T,i ,
where R is the jet radius parameter, yi and φi are rapidity and azimuthal angle
of the jet i, respectively. α = −1, 0 and 1 represent the inclusive anti-kT [40],
Cambridge-Aachen [42, 43] and kT [44, 45] jet algorithms, respectively. The effects
of jet algorithms on the resummation have been studied in refs. [41, 46–49], among
which ref. [41] has shown that jet boundary can be changed significantly by boundary
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clustering for Cambridge-Aachen and kT algorithms, while the change of the phase
space is power suppressed for anti-kT algorithm. In this paper, the anti-kT algorithm
is adopted, and the jet boundary is just a circle of radius R in φ − y plane around
the jet direction.
After clustering jets, the jet invariant mass mJ receives contribution from the
radiation inside the jet, whether from collinear and soft gluons. Thus we split the soft
radiation kµ to two parts, denoted by kµ = kµin + k
µ
out. Then, the partonic threshold
variables take the form
m2J = (pJ1 + kin)
2 = m2J1 + 2kin · pJ1 ,
s4 = (pJ2 + kout)
2 = m2J2 + 2kout · pJ2 .
(2.8)
In the kinematic region m2J , s4 ≪ sˆ, the momenta of the two jets can be written as
pµJ1 = EJ1n
µ
J and p
µ
J2
= EJ2n¯
µ
J in the partonic CM frame, where EJ1 = EJ2 =
√
sˆ/2
in the threshold limit. And mJ and s4 can be rewritten as
m2J = m
2
J1
+ 2EJ(nJ · kin) ,
s4 = m
2
J2 + 2EJ(n¯J · kout) .
(2.9)
For later convenience, we write kin ≡ nJ · kin and kout ≡ n¯J · kout.
The hadronic threshold is defined as M2X → 0. In this limit ,the final state
radiations and beam remnants are highly suppressed, which leads to final states con-
sisting of two narrow jets, as well as the remaining soft radiations. For convenience,
we introduce the dimensionless variables
v = 1 +
tˆ1
sˆ
, w = − uˆ1
sˆ + tˆ1
, v = 1− v . (2.10)
In terms of mX , x1, x2 and v,
M2X =
m2X
x2
+ E2CM [(1− x1)v + (1− x2)v] +m2J . (2.11)
In the limit x1 → 1, x2 → 1, m2J → 0 and m2X → 0, we have
M2X = m
2
X +m
2
J +
p2T
vv
[(1− x1)v + (1− x2)v] + . . . . (2.12)
This expression is helpful when we derive the RG equation of the soft function by
using the RG invariance in section 6.
3 Factorization in SCET
To derive a factorization formula for dijet process in SCET, we first have to match
the full QCD onto the effective theory [50, 51]. To illustrate the factorization in
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detail, we consider the process qq′ → qq′. The initial partons are labeled by 1 and
2 and the final partons are labeled by 3 and 4, and the relevant operator in QCD is
given by [52]
OQCDIΓ = (ψ¯a44 γµΓψa22 )(ψ¯a33 γµΓ′ψa11 )(cI){a} , (3.1)
where cI denotes a 4 order color tensor with color indices ai, and Γ (Γ
′) denote the
chirality (PL or PR). In SCET, the n-collinear quark field ψn can be written as
χn(x) = W
†
n(x)ξn(x), ξn(x) =
n/n¯/
4
ψn(x), (3.2)
where W †n is the Wilson line, and χn is the gauge invariant combination of W
†
n and
collinear quark field ξn in SCET. At the leading power in λ, only the n·As component
of soft gluons can interact with the n-collinear field χn(x), which can be decoupled
by a field redefinition [53]:
χn(x)→ Yn(x)χn(x), (3.3)
with
Yn(x) = P exp
(
igs
∫ 0
−∞
ds n·Aas(x+ sn)ta
)
, (3.4)
Then the effective Lagrangian can be expressed as
Leff =
∑
I,Γ
CΓI OSCETIΓ , (3.5)
with
OSCETIΓ =
∑
{a}
(cI){a}[O
c(x)]b1b2b3b4Γ [O
s(x)]{a},{b} , (3.6)
[Oc(x)]b1b2b3b4Γ = χ¯
b4
n¯J
(x)γµΓχ
b2
n¯ (x)χ¯
b3
nJ
(x)γµΓ′χb1n (x) , (3.7)
[Os(x)]{a},{b} = [Y †n¯J (x)]
b4a4 [Yn¯(x)]
a2b2[Y †nJ (x)]
b3a3 [Yn(x)]
a1b1 . (3.8)
Here CΓI is the hard matching coefficient. The scattering amplitude for the qq′ → qq′
can be written as
|MΓ(x)〉 = 〈X|OcΓ(x)Os(x)|N1N2〉|CΓ〉 , (3.9)
where |CΓ〉 is the vector of Wilson coefficient combination in color basis |cI〉, as
following
|CΓ〉 =
∑
I
CΓI |cI〉 . (3.10)
For qq′ → qq′, the color basis is chosen as
|c1〉 = tci3,i1tci4,i2 , |c2〉 = δi3,i1δi4,i2 . (3.11)
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The differential cross section can be written as
dσ
dpTdydm2J
=
1
2s
∑
X
∑
Γ
∫
d4x〈MΓ(x)|M̂(m2J , pT , y, R)|MΓ(0)〉 , (3.12)
where the operator M̂(pT , y, R) denotes the measurement in the final state, including
the jet algorithm. It acts on the final-state collinear and soft particles with momenta
{pc}, {ks} as follows
M̂(m2J , pT , y, R)|Xc+s〉 =M(m2J , pT , y, R, pc, ks)|Xc+s〉 , (3.13)
where
M(m2J , pT , y, R, {pc}, {ks}) =δ
(
(pc + ks)
2 −m2J
)
δ (|~pcT | − pT ) δ
(
y − 1
2
ln
p+c
p−c
)
×Θ (R2 − (ys − yc)2 − (φs − φc)2) .
(3.14)
Since the soft and collinear sectors are decoupled due to field redefinition, the matrix
element in eq. (3.12) can be factorized into a product of several matrices,∑
X
〈M(x)|M̂(m2J , pT , y, R)|M(0)〉 =
1
Ninit
∑
Γ
(Γγν)α1γ1 (γµΓ)β1σ1 (Γ
′γν)α2γ2 (γµΓ
′)β2σ2
× 〈N1(P1)|χ¯α1n (x)χβ1n (0)|N1(P1)〉
× 〈N2(P2)|χ¯α2n¯ (x)χβ2n¯ (0)|N2(P2)〉
×
∑
Xc1
〈0|χγ1nJ (x)|Xc1〉〈Xc1|χ¯σ1nJ (0)|0〉
×
∑
Xc2
〈0|χγ2n¯J (x)|Xc2〉〈Xc2|χ¯σ2n¯J (0)|0〉
×
∑
Xs
〈CΓ|〈0|Os†(x)|Xs〉〈Xs|Os(0)|0〉|CΓ〉
×M(m2J , pT , y, R, {pc}, {ks}) ,
(3.15)
where Ninit = 1/(4N
2) denotes the average over the colors and spin of the initial-
state partons, and α1, β1, etc, are Dirac indices. The initial state collinear sectors
match to the conventional PDFs:
〈Ni(Pi)|χ¯α1i
(
ni · xn¯
µ
i
2
)
χβ1i (0) |Ni(Pi)〉 =
1
2
n¯i·Pi
(
n/i
2
)β1α1 ∫ 1
−1
dξ fq/Ni(ξ) e
i ξ (ni·x)(n¯i·Pi)/2 ,
(3.16)
and the matrix elements of the collinear fields in the final state match to the quark
jet function:∑
Xc1
〈0|χγ1ni (x) |Xc1〉〈Xc1|χ¯σ1ni (0) |0〉 =
(
n/i
2
)γ1σ1 ∫
d4p
(2π)3
θ(p0) (n¯J · p) Jq(p2) e−i x p .
(3.17)
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The soft function can be defined as the matrix element associated with the soft
Wilson line
S(x, µ) = 〈0|Os†(x)|Xs〉〈Xs|Os(0)|0〉 , (3.18)
which can be decomposed in the color basis
SIJ ≡ 〈cI |S|cJ〉 . (3.19)
Now the matrix element appearing in eq. (3.15) can be simplified as
〈CΓ|〈0|Os†(x)|Xs〉〈Xs|Os(0)|0〉|CΓ〉 =
∑
IJ
CΓ∗I SIJ CΓJ . (3.20)
All the above components in the factorization form in eq. (3.15) satisfy certain
RG equations, which we will discuss in the following sections. Combining the different
parts together, we get the factorized differential cross section in the threshold limits
dσ
dpTdydm
2
J
=
pT
8πs
∑
i,j
channels
∫ 1
xmina
dxa
xa
∫ 1
xmin
b
dxb
xb
fi/N1(xa, µf) fj/N2(xb, µf)Cij(sˆ, tˆ1, uˆ1, m
2
J , R, µf) ,
(3.21)
where Cij is the hard-scattering kernel
Cij(sˆ, tˆ1, uˆ1, m
2
J , R) =
∑
I,J
∫
dm2J1 dm
2
J2 dkin dkoutHIJ(sˆ, tˆ1, uˆ1)SJI(kin, kout)
× J1(m2J1) J2(m2J2)δ(m2J −m2J1 − 2EJkin) δ(s4 −m2J2 − 2EJkout) ,
(3.22)
with
HIJ =
∑
Γ
CΓI CΓ∗J . (3.23)
And HIJ is the hard function, the details of which are shown in section 4.
For other channels, such as gg → qq′ or gg → gg, the formula of factorization
is similar to the process qq′ → qq′, except for the different jet functions and PDFs.
The definitions of gluon PDF and jet function are given by
〈Ni(Pi) | (−gµν) Aµi⊥
(
ni · xn¯
µ
i
2
)
Aνi⊥(0) |Ni(Pi)〉 =
∫ 1
−1
dξ
ξ
fg/Ni(ξ) e
i ξ(ni·x) (n¯i·Pi)/2 ,
(3.24)
and
〈0| AaJµ⊥(x)AbJ
ν
⊥(0) |0〉 = δab(−gµν⊥ ) g2s
∫
d4p
(2π)3
θ(p0) Jg(p
2) e−i x p . (3.25)
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12→ 34 crossing 12→ 34 crossing 12→ 34 crossing 12→ 34 crossing
qq′ → qq′ stu qq′ → q′q sut gg → qq¯ stu gg → q¯q sut
qq¯′ → qq¯′ uts qq¯′ → q¯′q tus q¯g → gq¯ uts q¯g → q¯g tus
qq¯ → q¯′q′ tsu qq¯ → q′q¯′ ust qg → qg tsu qg → gq ust
Table 1. Crossing relations for the 4-quark and gg → qq¯ channels.
4 Hard function
The coefficient CΓI can be obtained by matching the full theory onto SCET. The one
loop results for all partonic 2 → 2 process in QCD have been available in ref. [52],
which are derived in dimensional regularization and the MS renormalization scheme.
In this section, we show the crossing relations for different channels and the RG
evolution briefly. The explicit expressions of hard matching coefficients are shown in
appendix B.
4.1 Wilsons coefficient at NLO
First, for the 4-quark processes, there are six channels if two different flavor quarks
are involved (e.g. ud→ ud)
qq′ → qq′ , qq¯′ → qq¯′ , qq¯ → q′q¯′ , qq′ → q′q , qq¯′ → q¯′q , qq¯ → q′q¯′ . (4.1)
The Wilson coefficients for the channel qq′ → qq′ are denoted by CΓI (s, t, u) and the
others can be obtained by crossing symmetries, as shown in table 1. For example, the
Wilson coefficients for the channel qq¯ → q′q¯′ are CΓI (u, s, t). Γ in Wilson coefficients
denotes the chirality of the incoming and outgoing partons. In general, there are 16
possible chirality amplitudes. Actually, for the channel qq′ → qq′, only 4 chirality
amplitudes are non-zero. This is because that chiralities of massless particles 1 and 3
(2 and 4) must be the same. We rewrite the Wilson coefficients as Cλ1,λ2I ≡ Cλ1,λ2,λ3,λ4I
with λ1,2 = L or R. In addition, since the chirality can be changed by charge
conjugation, the only two independent chirality amplitudes for qq′ → qq′ are CLLI
and CLRI .
If the 4 quarks are identical, there are two additional non-vanishing chirality
amplitudes CLRRLI and CRLLRI because of the contribution of u-channel. The interfer-
ence between t-channel and u-channel also makes the results different from qq′ → qq′
case. The results for qq → qq can be expressed as
CLLLLI = CRRRRI = CLLI (s, t, u) +BIJCLLJ (s, u, t) ,
CLRLRI = CRLRLI = CLRI (s, t, u) , (4.2)
CLRRLI = CRLLRI = BIJCLRJ (s, u, t) ,
– 10 –
where
BIJ =
(
− 1
CA
2
−CF
CA
1
CA
)
. (4.3)
The results of other channel associated with qq → qq can be obtained by crossing
symmetry as shown in table 1.
Next, we consider the Wilson coefficients for gg → qq¯ channel and its crossing.
There are six relevant channels
gg → qq¯, qg → qg, q¯g → q¯g, gg → q¯q, qg → gq, q¯g → gq¯ . (4.4)
The Wilson coefficients for the channel gg → qq¯ are denoted by Cλ1,λ2,λ3,λ4I (s, t, u) and
the others can be obtained by crossing symmetries as shown in table 1. According
to parity invariance, we have
Cλ1,λ2,λ3,λ4I = C−λ1,−λ2,−λ3,−λ4I . (4.5)
In addition, Cλ1,λ2,λ3,λ4I = 0 when λ3 = λ4. Thus, the Wilson coefficients for gg → qq¯
can be rewritten as Cλ1,λ2I ≡ Cλ1,λ2;+−I , and there are only 4 independent chirality
amplitudes for each color structure, the explicit expressions of which are shown in
appendix B.
Finally, we consider the process gg → gg. In ref. [52], the Wilson coefficients are
obtained by matching to an overcomplete basis of 9 color structures, though there
are only 8 independent color structures. Then, 16 possible helicity amplitudes for
each color structures give 144 matching coefficients. Basing on the symmetry, the
Wilson coefficients can be expressed concisely as follows
CΓI = 4g2sMΓI
(
1 +
αs
4π
QΓI
)
I = 1 · · ·6 Γ = 1 · · · 6 ,
CΓI = 4g2s
αs
4π
QΓI I = 7, 8, 9 Γ = 1 · · · 6 ,
CΓI = 4g2s
αs
4π
QΓI . I = 1 · · ·9 Γ = 7 · · · 16 .
(4.6)
The explicit expressions ofMΓI and QΓI are listed in appendix B for the convenience
of the reader.
4.2 RG evolution of the hard function
The Wilson coefficients CΓI satisfy the RG equation [54–58]
d
d lnµ
CΓI (µ) = ΓHIJCΓJ (µ) , (4.7)
where ΓHIJ can be expressed as
ΓHIJ(s, t, u, µ) =
(
γcusp
cH
2
ln
−t
µ2
+ γH − β(αs)
αs
)
δIJ + γcuspMIJ(s, t, u) , (4.8)
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with
cH = nqCF + ngCA , (4.9)
and
γH = nqγq + ngγg , (4.10)
where β(αs) is the QCD beta function, γcusp is the cusp anomalous dimension, and
nq and ng is the number of external quarks and gluons involved in the process,
respectively. MIJ(s, t, u) denotes the color mixing terms, and can be written as
M = −
∑
i 6=j
Ti · Tj
2
[L(sij)− L(t)] , (4.11)
where s12 = s34 = sˆ, s13 = s24 = tˆ, s14 = s23 = uˆ, and L(x) is defined as
L(x) = ln
|x|
µ2
− iπθ(x) . (4.12)
The explicit expressions of MIJ for each channel can be found in appendix B. MIJ
can be diagonalized with eigenvalues λK . For example, for qq
′ → qq′ channel, we
have (
F ·M · F−1)
KK ′
=
(
λ1 0
0 λ2
)
, (4.13)
where F (s, t, u) denotes the transform matrix, which can be calculated numerically.
The Wilson coefficients in the diagonal basis are denoted by CˆΓK ≡ FKICΓI , which
satisfy the RG equation
d
d lnµ
CˆΓI (µ) =
[
γcusp
cH
2
ln
−t
µ2
+ γH + γcuspλK − β(αs)
αs
]
CˆΓI (µ) . (4.14)
The hard function in the diagonal basis is denoted by HˆKK ′ ≡ (F ·H ·F †)KK ′. With
eq. (3.23), the RG equation of the hard function can be obtained,
d
d lnµ
HˆKK ′(µ) =
[
γcusp
(
cH ln
∣∣∣∣ tˆ1µ2
∣∣∣∣ + λK + λ∗K ′)+ 2γH − 2β(αs)αs
]
HˆKK ′(µ) ,
(4.15)
Solving the RG equation, we can get the resummed hard function
HˆKK ′(sˆ, tˆ, uˆ, µ) =
αs(µh)
2
αs(µ)2
exp
[
2cHS(µh, µ)− 2AH(µh, µ)
]
× exp
[
−AΓ(µh, µ)
(
λK(sˆ, tˆ, uˆ) + λ
∗
K ′(sˆ, tˆ, uˆ) + cH ln
∣∣∣∣ tµ2h
∣∣∣∣)] HˆKK ′(sˆ, tˆ, uˆ, µh) .
(4.16)
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where S(ν, µ) and AΓ(ν, µ) are defined as
S(ν, µ) = −
∫ αs(µ)
αs(ν)
dα
γcusp(α)
β(α)
∫ α
αs(ν)
dα′
β(α′)
,
Aγ(ν, µ) = −
∫ αs(µ)
αs(ν)
dα
γ(α)
β(α)
(4.17)
Up to NNLL level, we need three loop γcusp and β function and two loop γH , and
their explicit expressions are collected in the appendix A of ref. [59].
5 Jet function
The jet functions J(p2, µ), defined in eqs. (3.17) and (3.25), describes a collinear
quark or gluon with the invariant mass p2. It is process independent and has been
calculated at NLO in ref. [60] and NNLO in refs. [61, 62], respectively. The nonva-
nishing diagrams contributing to the NLO jet function in Feynman gauge are given
in figure 2. The relevant diagrams corresponding to quark jet function are shown in
the top row, and the ones corresponding to gluon are shown by the others. The RG
evolution of the quark jet function is given by
dJq(p
2, µ)
d lnµ
=
(
−2CFγcusp ln p
2
µ2
− 2γJq
)
Jq(p
2, µ)+2CFγcusp
∫ p2
0
dq2
Jq(p
2, µ)− Jq(q2, µ)
p2 − q2 .
(5.1)
The gluon jet function is the same with CF replaced by CA and γ
Jq replaced by
γJg , respectively. This evolution equation can be solved by the Laplace transforma-
tion [63, 64]:
j˜(ln
Q2
µ2
, µ) =
∫ ∞
0
dp2 exp(− p
2
Q2eγE
)J(p2, µ), (5.2)
which satisfies the the RG equation
d
d lnµ
j˜q(ln
Q2
µ2
, µ) =
(
−2CFγcusp ln Q
2
µ2
− 2γJq
)
j˜q(ln
Q2
µ2
, µ) ,
d
d lnµ
j˜g(ln
Q2
µ2
, µ) =
(
−2CAγcusp ln Q
2
µ2
− 2γJg
)
j˜g(ln
Q2
µ2
, µ) .
(5.3)
Thus the jet function at an arbitrary scale µ is given by
Jq(p
2, µ) = exp
[−4CFS(µj, µ) + 2AJq(µj, µ)]j˜q(∂ηj , µj) 1p2
(
p2
µ2j
)ηjq e−γEηj
Γ(ηjq)
,
Jg(p
2, µ) = exp
[−4CAS(µj, µ) + 2AJg(µj, µ)]j˜g(∂ηj , µj) 1p2
(
p2
µ2j
)ηjg e−γEηjg
Γ(ηjg)
,
(5.4)
where ηjq = 2CFAΓ(µj, µ) and ηjq = 2CAAΓ(µj , µ). The µ-dependent part of the
Laplace transformed jet function j˜(L, µ) is determined by the anomalous dimensions
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(a) (b) (c)
(d) (e) (f)
(g) (h)
Figure 2. Nonvanishing diagrams contributing to the quark and gluon jet function at
NLO.
of the jet function as in eq. (5.3), while the µ-independent part can be obtained by
a fixed-order calculation. At NLO, it is
j˜(L, µ) = 1 +
αs
4π
(
ΓJ0
2
L2 + γJ0L+ c
J
1
)
. (5.5)
When jet algorithm is applied, the phase space for the collinear radiation need
to be constrained. For anti-kT algorithm, the restriction of phase space is given by
Θanti−kT = Θ
(
tan2
R
2
>
k+(p−)2
k−(p− − k−)2
)
. (5.6)
p and k denote the incoming and loop momenta, respectively. In the threshold limit
p2 → 0, the integral region of momentum k can be expressed as
p2
p− tan2 R
2
< k− < p− − p
2
p− tan2 R
2
. (5.7)
To avoid the double counting of the soft region covered by soft function, the zero-
bin subtraction [65] should be considered. Taking the soft limit of the restriction in
eq. (5.6), the phase space of zero-bin region is given by [22, 24]
Θ
(0)
anti−kT
= Θ
(
tan2
R
2
>
k+
k−
)
. (5.8)
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After integrating the phase space and taking zero-bin substraction, the jet functions
with anti-kT algorithm are given by
Janti−kTq (p
2, p−, R, µ) =Jq(p
2, µ) +
CFαs
4π
(
1
p2
)
⋆
2p2
(p−)2 tan2 R
2
,
Janti−kTg (p
2, p−, R, µ) =Jg(p
2, µ) +
αs
4π
(
1
p2
)
⋆
p2
(p−)2 tan2 R
2
(4CA − 2nf) ,
(5.9)
where Jq(p
2, µ) and Jg(p
2, µ) are traditional jet functions. Janti−kTq and J
anti−kT
g
approach to the traditional ones when jet radius R→∞, which means that there is
no restriction to collinear radiation. In addition, it can be seen that the R-dependent
terms in eq. (5.9) are suppressed by m2J/p
2
T at threshold limit, because p
2 ∼ m2J ,
p− ∼ 2EJ and mJ ≪ EJ . We have checked numerically that the corrections from
R-dependent terms to jet mass spectra are below 1% for mJ < 100GeV, so we will
use the traditional jet functions in the following numerical calculation.
6 Soft function
The soft function defined in eq. (3.18) describes soft interactions between all colored
particles. When calculating the soft function, we need to consider jet algorithm,
which imposes a restriction on the phase space of the soft radiation. In ref. [28], the
jet was defined as all the radiation in a cone of half-angle R around the jet direction,
which is different from the one defined by the standard sequencial recombination
jet algorithms at hadron colliders. In this work, we choose anti-kT algorithm to
calculate the boost-invariant soft function. In addition, as discussed in ref. [28],
there are multiple soft scales in soft function, which need to be refactorized. In this
section, we first discuss the calculation of the NLO soft function with jet algorithm
for all channels, and then show its refactorization. The details of the calculations
can be found in appendix C.
6.1 NLO calculation
As shown in eq. (3.19), the soft function S(kin, kout, µ) can be decomposed in color
space and calculated in the eikonal approximation. Eq. (3.11) has shown the color
structures for 4-quark channels. For gg → qq¯ and 4-gluon channels, the color struc-
tures are given by
|c1〉 = (ta1ta2)i3,i4 , |c2〉 = (ta2ta1)i3,i4 , |c3〉 = δa1,a2δi3,i4 , (6.1)
and
|c1〉 = Tr (ta1ta2ta3ta4) , |c2〉 = Tr (ta1ta2ta4ta3) , |c3〉 = Tr (ta1ta4ta3ta2) ,
|c4〉 = Tr (ta1ta4ta2ta3) , |c5〉 = Tr (ta1ta3ta4ta2) , |c6〉 = Tr (ta1ta3ta2ta4) ,
|c7〉 = Tr (ta1ta4) Tr (ta2ta3) , |c8〉 = Tr (ta1ta2)Tr (ta3ta4) , |c9〉 = Tr (ta1ta3) Tr (ta2ta4) ,
(6.2)
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(a) I12 (b) I13 (c) I14
(d) I23 (e) I24 (f) I34
Figure 3. Non-vanishing diagrams contributing to the soft function at NLO.
respectively. At LO, the soft functions is given by
S
(0)
IJ = s˜
(0)
IJ δ(kin)δ(kout) (6.3)
At NLO, the soft functions can be expressed as follows
S
(1)
IJ (kin, kout, yJ , R, µ) =
i 6=j∑
i,j
(wij)IJ Iij(kin, kout, yJ , R, µ) , (6.4)
where i and j index the massless external partons, while I and J index the color
structures. According to eq. (3.19), the color matrix (wij)IJ can be written as
(wij)IJ = 〈cI |Ti · Tj |cJ〉. (6.5)
For Iij(kin, kout, pT , y, R, µ), we need to calculate the non-vanishing real emission
diagrams in dimension regularization, as shown in figure 3, which is given by
Iij(kin, kout, yJ , R, µ) = − 4παs
(2π)d−1
(µ2eγE
4π
)ǫ ∫
ddq δ(q2)θ(q0)MR(kin, kout, R, q) ni · nj
(ni · q)(nj · q) ,
(6.6)
In the CM of partons, the measurement function MR(kin, kout, R, q) for anti-kT
algorithm is
MR(kin, kout, R, q) =Θ
(
R2 − (y − yJ)2 − (φ− φJ)2
)
δ(kin − nJ · q)
+ Θ
(
(y − yJ)2 + (φ− φJ)2 − R2
)
δ(kout − n¯J · q) .
(6.7)
where yJ and φJ presents the rapidity and azimuthal angle of the measured jet. And
y and φ are the rapidity and azimuthal angle of the soft gluon with momentum qµ,
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respectively. For convenience, we calculate the soft function in the CM frame of
initial partons and take φJ to be zero. The results of function Iij are
I12(kin, kout, yJ , R, µ) =
(αs
4π
){
δ(kin)δ(kout)
[
− 4R2 ln(2 cosh yJ)− 2R2 + 4R2 lnR
− 4 log2(2 cosh yJ) + π
2
6
]
+ δ(kout)
[
−2R2
(
1
kin
)
⋆
]
+ δ(kin)
[
−8
[
1
kout
ln
(
kout
µ
2 cosh yJ
)]
⋆
+ 2R2
(
1
kout
)
⋆
]}
I13(kin, kout, yJ , R, µ) =
(αs
4π
){
δ(kin)δ(kout)
[
−R2 ln(2 cosh yJ)− R
2
2
+R2 lnR
− 8 lnR ln(2 cosh yJ) + 4 ln2R − 4y2J + 4 ln(2 cosh yJ)
]
+ δ(kout)
[
4
[
1
kin
ln
(
kin
µ
2 cosh yJ
)]
⋆
− (R
2
2
+ 4 lnR)
(
1
kin
)
⋆
]
+ δ(kin)
[
−4
[
1
kout
ln
(
kout
µ
2 cosh yJ
)]
⋆
+ (
R2
2
+ 4 lnR + 8yJ)
(
1
kout
)
⋆
]}
(6.8)
I14(kin, kout, yJ , R, µ) =
(αs
4π
){
δ(kin)δ(kout)
[ 1
32
R2e2yJ sech2yJ
× [−4(R2 + 8) ln(2 cosh yJ)− R2 + 4(R2 + 8) lnR − 16] ]
+ δ(kout)
[
− 1
16
e2yJ sech2yJR
2(R2 + 8)
(
1
kin
)
⋆
]
+ δ(kin)
[
1
16
e2yJ sech2yJR
2(R2 + 8)
(
1
kout
)
⋆
]}
I34(kin, kout, yJ , R, µ) =
(αs
4π
){
δ(kin)δ(kout)
[
− 8 lnR ln(2 cosh yJ) + 4 ln2R
+ 4 ln2(2 cosh yJ)− π
2
6
]
+ δ(kout)
[
4
[
1
kin
ln
(
kin
µ
2 cosh yJ
)]
⋆
− 4 lnR
(
1
kin
)
⋆
]
+ δ(kin)
(
4
[
1
kout
ln
(
kout
µ
2 cosh yJ
)]
⋆
+ 2 [−2 lnR + 4 ln(2 cosh yJ)]
(
1
kout
)
⋆
)}
.
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I23 and I24 can be obtained by the relations
I23(kin, kout, yJ , R, µ) =I13(kin, kout,−yJ , R, µ) ,
I24(kin, kout, yJ , R, µ) =I14(kin, kout,−yJ , R, µ) .
(6.9)
In the calculation, we take the limit that R→ 0, but we have kept all the terms
up to O(R2) so that our result can can be used for a wider range of R.
6.2 RG equation of the soft function
Now, we discuss the evolution of the soft function. Its RG equation can be derived
by using the RG invariance of the cross section. In the hadronic threshold limit, we
have [59]
d2σqq¯
dM2Xdy
∝
∫
dx1
∫
dx2
∫
dm2J1
∫
dm2J2
∫
dkin
∫
dkout
× HIJ(sˆ, tˆ, uˆ, µ)SJI(kin, kout, µ)fq/N1(x1, µ)fq¯/N2(x2, µ)J1(m2J1 , µ)J2(m2J2, µ)
× δ
[
M2X −
(
m2J1 +m
2
J2
+ 2EJ(kin + kout) +
p2T
v¯
(1− x1) + p
2
T
v
(1− x2)
)]
.
(6.10)
To transform the convolution form to a product form, using the Laplace transforma-
tion
d2σ˜
dQ2dy
=
∫ ∞
0
dM2X exp
(
− M
2
X
Q2eγE
)
d2σ
dM2Xdy
, (6.11)
we can obtain
d2σ˜
dQ2dy
= HIJ(sˆ, tˆ, uˆ, µ)s˜JI (κin, κout, µ) f˜i1/N1 (τ1, µ) f˜i2/N2 (τ2, µ) j˜1(Q
2, µ)j˜2(Q
2, µ) .
(6.12)
where s˜ is the Laplace transformed soft function
s˜IJ(κin, κout, µ) =
∫ ∞
0
dkin
∫ ∞
0
dkout exp
(
− kin
κineγE
)
exp
(
− kout
κouteγE
)
SIJ(kin, kout, µ) .
(6.13)
The RG invariance requires
d
d lnµ
[
HIJ(sˆ, tˆ, uˆ, µ)s˜JI (κin, κout, µ) f˜i1/N1 (τ1, µ) f˜i2/N2 (τ2, µ) j˜1(Q
2, µ)j˜2(Q
2, µ)
]
= 0 .
(6.14)
And the RG equation of PDF is
df˜q/N(τ, µ)
d lnµ
=
[
2CFγcusp ln (τ) + 2γ
fq
]
f˜q/N (τ, µ) , (6.15)
with
τ1 = Q
2/(−uˆ1) , τ2 = Q2/(−tˆ1) , (6.16)
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for beam N1 and N2, respectively. Here
tˆ1 = −p
2
T
v
, uˆ1 = −p
2
T
v¯
, (6.17)
in threshold limit m2J1,J2 → 0 and w → 1. The gluon PDF equation is the same with
CF → CA and γfq → γfg . With eqs. (4.15), (5.3), (6.14) and (6.15), the RG equation
of the soft function ˆ˜sK ′K in the diagonal basis is given by
d
d lnµ
ˆ˜sK ′K(κin, κout, µ) =
{
γcusp
[
2Ci1L(uˆ1) + (2Ci2 − cH)L(tˆ1)− λK − λ∗K ′
]
− 2 γcusp (Ci1 + Ci2 − Cj1 − Cj2) ln
Q2
µ2
− 2γS
}
ˆ˜sK ′K ,
(6.18)
where γS = γH + γ
fi1 + γfi2 − γJ1 − γJ2 , Ci,j = CF and CA for quark and gluon,
respectively. The relation between the soft functions ˆ˜s and s˜ is
ˆ˜sK ′K =
[(
F−1
)† · s˜ · F−1]
K ′K
. (6.19)
We have checked that the NLO soft function in eq. (6.4) satisfies the RG equation
(6.18), which means our factorization is reasonable.
6.3 Refactorization of the soft function
As shown in eq. (6.4), the soft function depends on two variables kin and kout, which
are kin ∼ m2J/pT and kout ∼ s4/pT , in principle. It means that we should treat the
two scales separately to control the convergence of perturbative expansion. However,
at two-loop level, a complicated dependence on kin/kout will emerge [27, 66], which
represents the nonglobal structure of the soft radiation. Although we could not
ideally factorize the soft function into separate two pieces which depend only on
kin/µ and kout/µ, respectively, we can at least extract part of the soft function which
depend only on a single scale [28]. We define an auxiliary soft function Sin which
only depends on kin
S
in(kin) = 〈0|Os†|X ins 〉〈X ins |Os(0)|0〉δ(kin − nJ · P inXs) . (6.20)
In color basis, the NLO Sin(kin) can be expressed as
S inIJ(kin) =
i 6=j∑
i,j
(wij)IJ I inij (kin, yJ , R, µ) , (6.21)
where I inij can be computed by the similar integration in eq. (6.6), except for the
measurement function replaced by
Min(kin, R, q) =Θ
(
R2 − (y − yJ)2 − (φ− φJ)2
)
δ(kin − nJ · q) . (6.22)
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Besides, it is necessary to introduce the residual soft function to describe the soft
radiation excluded by Sin(kin)
S
res(kin, kout, µ) =
S(kin, kout, µ)
Sin(kin, µ)
. (6.23)
At one-loop level, we consider only one soft gluon emission, which is either inside or
outside the jet. It means that Sres describe the soft radiation outside the jet, which
only depend on kout at O(αs), and we rewrite it by notation Sout(kout)
SoutIJ (kout) =
i 6=j∑
i,j
(wij)IJ Ioutij (kout, yJ , R, µ) , (6.24)
where Ioutij (kout, yJ , R, µ) can be calculated according to eq. (6.6), through replacing
the measurement function by Mout(kout, R, q)
Mout(kout, R, q) =Θ
(
(y − yJ)2 + (φ− φJ)2 −R2
)
δ(kout − n¯J · q) . (6.25)
Now, the soft function at O(αs) in diagonal basis reads
SˆK ′K(kin, kout, µsin, µsout, µ) = Sˆ
in
K ′L(kin, µsin, µ)
(
Sˆ(0)
)−1
LM
SˆoutMK(kout, µsout, µ) . (6.26)
ˆ˜s
in
(Lin, µ) and ˆ˜s
out
(Lout, µ) is the Laplace transformation of Sˆ
in and Sˆout, respectively,
and their RG equations are
d
d lnµ
ˆ˜s
in
K ′L(Lin, µ) =
[
−2B˜inK ′Lγcusp Lin − C˜ inK ′Lγcusp − γ˜inK ′L
]
ˆ˜s
in
K ′L ,
d
d lnµ
ˆ˜s
out
MK(Lout, µ) =
[
−2B˜outMKγcusp Lout − C˜outMKγcusp − γ˜outMK
]
ˆ˜s
out
MK ,
(6.27)
where γ˜in,out are anomalous dimensions depending on the jet radiusR, which are given
at one-loop level in appendix C. Solving the RG equation, we get the resummed soft
functions Sin and Sout
Sˆ inK ′L(kin, µsin, µ) = exp
[
−2B˜inK ′L S(µsin, µ) + C˜ inK ′LAΓ(µsin, µ) + Aγ˜in
K′L
(µsin, µ)
]
× ˆ˜sinK ′L(∂ηin , µsin)
1
kin
(
kin
µsin
√
2n12
n1Jn2J
)ηin
e−γEηin
Γ(ηin)
, (6.28)
SˆoutMK(kout, µsout, µ) = exp
[
−2B˜outMK S(µsout, µ) + C˜outMK AΓ(µsout, µ) + Aγ˜outMK (µsout, µ)
]
× ˆ˜soutMK(∂ηout , µsout)
1
kout
(
kout
µsout
√
2n12
n1Jn2J
)ηout
e−γEηout
Γ(ηout)
, (6.29)
with
ηin =2B˜K ′LAΓ(µsin, µ) ,
ηout =2B˜MK AΓ(µsout, µ) .
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As shown in ref. [28], the above procedure, so-called refactorization, is an ap-
proximate factorization, because the residual soft function would depend on both kin
and kout beyond O(αs). At two-loop level, lnn(kin/kout) would emerge due to the non-
global structure, which has been widely studied at the e+e− colliders [27, 30, 66–71],
but rarely investigated at hadron colliders with a sequencial recombination jet algo-
rithm [33]. A systematical discussion of them requires the complete two-loop results
of the soft function with jet algorithms, and is beyond the scope of this paper.
7 RG improved cross section
From eq. (3.22), using eqs. (4.16), (5.4) and (6.28), we can obtain
Cij(sˆ, tˆ, uˆ, m
2
J1 , µ) =
∑
K,K ′,L,M
αs(µh)
2
αs(µ)2
exp
[
2cHS(µh, µ)− 2AH(µh, µ)
]
× exp
[
−AΓ(µh, µ)
(
λK + λ
∗
K ′ + cH ln
∣∣∣∣ tˆµ2h
∣∣∣∣)]HKK ′(sˆ, tˆ, uˆ, µh)
× exp
[
−2B˜inK ′L S(µsin, µ) + C˜ inK ′LAΓ(µsin, µ) + Aγ˜in
K′L
(µsin, µ)
]
× exp [−4C1S(µj1, µ) + 2AJ1(µj1, µ)]
(
µ2j1
µsinpT
)ηin
× j˜1(∂η1 , µj1)ˆ˜s
in
K ′L(ln
µ2j1
µsinpT
+ ∂η1 , µsin)
1
m2J1
(
m2J1
µ2j1
)η1
e−γEη1
Γ(η1)
×
(
Sˆ(0)
)−1
LM
exp [−4C2S(µj2, µ) + 2AJ2(µj2, µ)]
(
µ2j2
µsoutpT
)ηout
× exp
[
−2B˜outMK S(µsout, µ) + C˜outMK AΓ(µsout, µ) + Aγ˜outMK (µsout, µ)
]
× j˜2(∂η2 , µj2)ˆ˜s
out
MK(ln
µ2j2
µsoutpT
+ ∂η2 , µsout)
1
s4
(
s4
µ2j2
)η2 e−γEη2
Γ(η2)
,
(7.1)
with
η1 = ηin + ηj1 , η2 = ηout + ηj2 . (7.2)
And the resummed cross section (3.21) can be written as
dσNNLLp
dpTdydm2J1
=
pT
8πs
∑
i,j
∫ 1
−u1−m
2
J1
s+t1
dx1
x1
∫ x1s+x1t1+u1+m2J1
0
ds4
s4 − x1t1 −m2J1
× fi/N1(x1, µf) fj/N2(x2, µf)Cij(sˆ, pT , y,m2J1, µf) , (7.3)
where NNLLp denotes the approximate NNLL resummation, which means that the
NGLs are ignored in this paper. Here, we have changed the integration variables
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from x2 to s4, which have relation
x2(s4) =
s4 − x1t1 −m2J1
x1s+ u1
. (7.4)
To give precise predictions, we resum the singular terms lnn(m2J/p
2
T ) and ln
n(s4/p
2
T )
in threshold limits to all orders and include the nonsingular terms up to NLO. And
the RG improved differential cross section is given by
dσNNLLp+NLO
dpTdydm
2
J1
=
dσNLO
dpTdydm
2
J1
+ f(mJ)
(
dσNNLLp
dpTdydm
2
J1
− dσ
NNLLp
dpTdydm
2
J1
∣∣∣∣
expanded to NLO
)
,
(7.5)
where
f(mJ) =
1
1 +
(
mJ/mmatchJ
)i (7.6)
is the weight function, as defined in refs. [72, 73]. mmatchJ denotes the scale above
which the fixed order calculation is reliable. For small mJ , f(mJ) approximates
to one, and σNLO and σNNLLp |expanded will cancel each other, and the resummation
result dominates the cross section. With increasing mJ above m
match
J , f(mJ) goes to
zero quickly, and the main contributions are from the fixed-order results. When the
power index i becomes larger, the translation from the resummation results to the
fixed-order ones is faster. In this work, mmatchJ is chosen at 100 GeV and i is taken
as 4. But the numerical results are not sensitive to the choices of these parameters.
8 Numerical results
In this section, we discuss the numerical results for the jet mass distribution in dijet
process at the LHC. Throughout the numerical calculations, we use the MSTW2008
PDF sets [74] and associated strong coupling αs. In order to compare with Monte
Carlo tools, we use PYTHIA8 [17] with its default ”Tune 4C” input. FASTJET [75] is
used to perform jet clustering, and the anti-kT algorithm is chosen unless specified
otherwise.
8.1 Leading singular spectrum of jet mass
To verify the correctness of the factorizatoin formula, we expand the eq. (3.22) to the
leading singular terms (blue dashed line), and compare with the exact NLO results
(red solid line), which are obtained from ref. [76]. From figure 4, we can see that
the leading singular terms of the jet mass distribution can reproduce the exact NLO
jet mass spectrum in small mJ region. As mJ increases, the difference between the
leading singular terms and the exact NLO results increase. We find that in both
cases of R = 0.4 and 1, the expanded results agree with the fixed-order ones. This
means that our soft function is applicable for not only small R.
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Figure 4. The jet mass distributions from the exact NLO calculation and the resummed
results expanded to leading order (SCET Expand). Here, pTmax = 600 GeV.
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8.2 Scale choices and uncertainties
The factorization scales are set at pT unless specified otherwise. Besides, there are
five other matching scales, µh, µsin, µj1, µsout and µj2, which need to be chosen prop-
erly so that the corresponding hard, soft and jet functions have stable perturbative
expansions. The matching scales can be determined by examining the contribution
of the NLO matching coefficients as a function of their corresponding scales [59, 77–
79]. As shown in Figs. 5(a) and 5(b), the values of the scale µh, µsout and µj2 are
chosen as
µh = 1.4 pT , µsout = 0.2 pT + 80GeV , µj2 = 0.5 pT , (8.1)
where the relevant one-loop contributions get the extreme values.
However, the extreme points of the one-loop contributions of the observed jet
function J1(µj1) and soft function Sin(µsin) do not exist. It can be seen from their
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Figure 6. The scale uncertainties of the resummation results for pT = 400GeV and R = 1.
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NLO corrections
∆σNLO ∼ 1
m2J
(
A ln
m2J
µ2J1
+B ln
m2J
pTµsin
+ C
)
, (8.2)
where A, B, C are scale independent coefficients. If we measure the jet mass mJ ,
it should not be integrated so that there is no quadratic logarithm term of µsin and
µj1 in the one-loop corrections, which is different from the cases of Sout(µsout) and
J2(µj2). As shown from the red line in figure 5(c), the NLO corrections to J1 always
decrease with increasing µj1. For µj1 = 3mJ , we can see that the corrections decrease
slowly. The blue lines in figure 5(c) show the variations of resummed results as a
function of µsin for different jet radius R. The extreme points emerge because higher
order contribution of Sin are included. The variations of µsin are minimized at about
20 GeV and 120 GeV for R = 1 and 0.4, respectively. Using the method in ref. [28],
we can determine µsin numerically by the power function of mJ
µsin =
µ∗
2
cR
p∗T
pT
, (8.3)
where cR is an R-dependent parameter, p
∗
T = 400GeV and µ∗ = 1.67m
1.47
J (mJ in
GeV) [28]. According to the extreme points of the variations of Sin, cR is numerically
determined as 14000 and 2400 for R = 1 and R = 0.4, respectively.
After all of the natural scales involved in this process have been chosen, we dis-
cuss the scale dependence of the resummation results of jet mass spectra in figure 6.
At NNLLp level, three loop cusp anomalous dimension and two loop normal anoma-
lous dimension are used. For the R-dependent pieces, the one-loop soft anomalous
dimensions are used. At NLL level, two loop cusp anomalous dimension and one
loop normal anomalous dimension are used. Figure 6 shows the scale uncertainties
for variation of each scales by a factor of 2 about its default value. It can be seen
that the scale uncertainties for µh, µj1, µj2 and µsout reduce significantly from NLL
to NNLLp. But for scale µsin, the NNLLp bands are broader than the NLL ones
at large mJ region. The reason may be that in large mJ region non-singular terms
become important and the resummation results are unreliable. In addition, we can
also see that the distribution is enhanced by about 23% from NLL to NNLLp at the
peak region. We confirm numerically that this enhancement mainly comes from the
one-loop corrections of the hard function, which are included at NNLLp order, but
not at NLL. This means that if we want to obtain accurate theoretical predictions,
the high order corrections of the hard function must be included.
8.3 R dependence
In figure 7(a), the blue and red solid lines show the results of NNLLp resummation
for R = 1 and 0.4 , respectively. We can see that the jet mass spectra shift to
right with increasing R, and peak at about 20 GeV for R = 0.4 and 40 GeV for
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Figure 7. (a) R dependence of the jet mass distribution. (b) Comparison of jet mass
spectrum between quark jet and gluon jet.
R = 1, respectively. This is due to the fact that when R increases, more large
angle soft radiation can be combined into the jet, so that the invariant mass of
jet mJ =
√
(pc + ks)2 become larger. The results from PYTHIA are shown as dashed
histograms. Figure 7(a) shows that the peak positions and shapes of our resummation
results agree with the ones of PYTHIA at parton level.
8.4 The difference of jet mass spectra between quark and gluon
In order to study the difference between quark jet and gluon jet, we show the jet mass
distributions for processes with quark and gluon final state separately. In figure 7(b),
the blue and red solid lines correspond to qq¯ → qq¯ and qq¯ → gg, respectively. The jet
mass spectra for quark and gluon jet peak at about 30 GeV and 55 GeV , respectively,
which is helpful to distinguish between the quark and gluon jet. The peak positions
and shapes of our resummation results agree with the ones of PYTHIA.
8.5 Phenomenological studies of jet mass spectrum at the LHC
In this section, we give the RG improved predictions of jet mass spectra at the LHC,
and compare them with the results of PYTHIA and the ATLAS data [20]. Figure 8
shows the normalized jet mass distributions with R = 1 in four different pT bins.
At NNLLp + NLO level, the jet mass spectra peak around 25-40 GeV, and shift to
right with increasing jet pT . The peak positions agree with the ones of PYTHIA at
parton level. In addition, we can see from the results of PYTHIA that the additional
hadronization and multiparton interaction shift the spectra to right by about 10 GeV
and 20 GeV, respectively. This means that if we want to obtain predictions which are
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Figure 8. Comparison between theoretical predictions and ATLAS data at the 7 TeV LHC.
The label MI in the plots denotes the multiparton interactions. The blue lines represent
our NNLLp + NLO predictions, and the black solid lines represent the results with non-
pertubative effects. The red solid, green dashed and green solid histograms represent the
results from PYTHIA.
comparable to data1, the non-perturbative effects must be considered. Ref. [80] has
computed the non-perturbative corrections to jet mass and their results have been
used for Z+1 jet process in ref. [33], where a shift m2J → m2J + 2ΩRpT for jet mass
has been used to account for the non-perturbative effects. However, as discussed in
ref. [33], this shift in small jet mass region is not meaningful, so we truncate the
spectrum in the left side of the peak. Figure 8 also shows that the NNLLp + NLO
results with a shift of Ω = 3.0 GeV (the black solid lines) are consistent with the
ATLAS data [20] in all of four pT bins. Here the shift accounts for the total effects
of hadronization and multiparton interaction, so the value of Ω in this work is larger
than the one in ref. [33], where only hadronization is concerned. Notice that our
1Here we have included the multiparton interaction to the non-perturbative effects for simplicity
thought it is not necessarily true.
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treatment of the non-perturbative interaction effects here is just an approximation.
A precise estimate of these effects require some modification of the resummation
scheme and global fitting with certain precise data. The further discussion of the
non-perturbative effects is beyond the scope of this work, and left in future study.
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Figure 9. Predictions of jet mass spectrum at 13 TeV run of the LHC.
In figure 9, we give our RG improved predictions at the 13 TeV LHC. Comparing
with the results at the 7 TeV LHC, the jet mass spectra at parton level in the same
kinematic region shift to right by about 5 GeV. The reason is that the dominated
contributions is from qg → qg and gg → gg channel for 7 TeV and 13 TeV LHC,
respectively, and the latter channel gives more gluon final states, the average jet
mass of which is larger than the one of quark final states. After including the non-
perturbative effects (hadronization and multiparton interaction), the PYTHIA results
are closer to the SCET predictions with Ω = 4.5GeV than Ω = 3GeV, which implies
that the non-perturbative effects become more significant at hadron colliders with
higher CM energy.
Moreover, we can see this more clearly with the mean values of the jet mass
squared, defined as
〈M2〉 ≡
∫
m2J
1
σ
dσ
dmJ
dmJ , (8.4)
which can be changed by non-perturbative effects in collisions. In table 2, we list the
mean jet mass squared at parton level, including hadronization, and both hadroniza-
tion and underlying event (described by multiparton interactions in PYTHIA), which
are denoted by 〈M2part.〉, 〈M2had.〉 and 〈M2had.+MI〉, respectively. We can see that δM2had.
and δM2UE increase by about 12% and 26%, respectively, with CM energy from 7 TeV
to 13 TeV. Besides, δM2had. in gluon final states is much larger than in quark final
states (because of the color factor difference between quark final state and gluon final
state [80]), and nearly insensitive to the CM energy. Because the g g → g g channel
is more dominant at higher CM energy collision, δM2had. increases apparently in the
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√
s 〈M2part.〉 〈M2had.〉 〈M2had.+MI〉 δM2had. δM2UE
p p→ dijet 7 TeV 7893 8689 10460 796 1771
13 TeV 9295 10190 12420 895 2230
q q¯ → q′ q¯′ 7 TeV 4777 5295 6989 518 1694
13 TeV 5183 5731 8101 548 2370
g g → g g 7 TeV 11370 12490 14060 1120 1570
13 TeV 12020 13120 15430 1100 2310
Table 2. The comparison of mean values of jet mass squared from PYTHIA at the 7 TeV
and 13 TeV LHC. δM2had. = 〈M2had.〉 − 〈M2part.〉 and δM2UE = 〈M2had.+MI〉 − 〈M2had.〉. The
observed jets are selected with 400 < pT < 500GeV and |y| < 2. Unit is GeV2.
p p→ dijet production. In contrast, δM2UE is almost the same for the quark and gluon
final states and sensitive to the CM energy, which increases by about 40% − 50%
from 7TeV to 13 TeV with PYTHIA. This is just the improvement from Ω = 3GeV
to Ω = 4.5GeV in our resummation predictions, as shown in figure 9.
9 Conclusion
We have studied the factorization and resummation of jet mass for the one-jet inclu-
sive production at the LHC with SCET. The factorization formula is derived system-
atically. The NLO soft function with anti-kT algorithm is calculated and its validity
is demonstrated by checking the agreement between the expanded leading singular
terms with the fixed order results. The soft function is refactorized into two pieces
corresponding two different scales. The RG invariance of the cross section is checked
at NLO for all channels, which demonstrates the correctness of the factorization. By
ignoring the NGLs, we first carry out the resummation at approximate NNLL level.
From the numerical results, we find that the jet mass spectrum is enhanced by about
23% from NLL to NNLLp at the peak region. The enhancement mainly comes from
one-loop correction of the hard function. The jet mass spectra shift to right with
increasing jet radius R and transverse momentum pT . In addition, we show that
there is a significant difference in jet mass spectra between quark and gluon jets.
Finally, the normalized jet mass distributions with R = 1 are given in four different
transverse momentum regions. We show that the NNLLp+NLO spectra peak at 25-
40GeV and shift to right with jet pT increasing. The peak positions agree with the
ones of PYTHIA at parton level. Including the non-perturbative effects, our results
are consistent with the ATLAS data. We also give the RG improved predictions at
the 13 TeV LHC and find that the peak shift to right by about 5 GeV comparing
with the results at the 7 TeV LHC. Our results are helpful to precisely study jet
mass spectrum at hadron colliders and test the validity of the Monte Carlo tools.
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A LO Feynman diagrams
The Feynman diagrams for dijet process at LO are shown in figure 10.
(a) qi + qj → qi + qj(i 6= j)
(b) qi + qi → qi + qi
(c) g + g → q + q¯
(d) g + g → g + g
Figure 10. Feynman diagrams contributing to the 2→ 2 process at leading order.
B Explicit expressions of hard Wilson coefficients
All the expression of Wilson coefficients can be found in ref. [52]. We list them below
the convenience of the reader.
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For qq′ → qq′ channels, the expressions of the Wilson coefficients in eq. (4.2) are
given by
CLL1 (s, t, u) = 2g2s
s
t
{
1 +
αs
4π
[
−2CFL(t)2 +X1(s, t, u)L(t) + Y +
(
1
2
CA − 2CF
)
Z(s, t, u)
]}
,
CLR1 (s, t, u) = 2g2s
u
t
{
1 +
αs
4π
[−2CFL(t)2 +X1(s, t, u)L(t) + Y + (2CF − CA)Z(u, t, s)]} ,
CLL2 (s, t, u) = 2g2s
s
t
{
αs
4π
[
X2(s, t, u)L(t)− CF
2CA
Z(s, t, u)
]}
,
CLR2 (s, t, u) = 2g2s
u
t
{
αs
4π
[
X2(s, t, u)L(t) +
CF
2CA
Z(u, t, s)
]}
,
(B.1)
with
X1(s, t, u) = 6CF − β0 + 8CF [L(s)− L(u)]− 2CA[2L(s)− L(t)− L(u)]
X2(s, t, u) =
2CF
CA
[L(s)− L(u)]
Y = CA
(
10
3
+ π2
)
+ CF
(
π2
3
− 16
)
+
5
3
β0
Z(s, t, u) =
t
s
(
t+ 2u
s
[L(u)− L(t)]2 + 2[L(u)− L(t)] + π2 t+ 2u
s
)
.
(B.2)
If the 4 quarks are identical, the corresponding Wilson coefficients can be obtained by
using eq. (4.2). The other crossed channels, the Wilson coefficients can be obtained
by using crossing relations shown in table 1.
For gg → qq¯ channel, the Wilson coefficients are given by
C−+1 (s, t, u) = 2g2s
√
tu
s
{
1 +
αs
4π
[−(CA + CF )L(s)2 + V1(s, t, u)L(s) +W1(s, t, u)]}
C+−1 (s, t, u) = 2g2s
u
s
√
u
t
{
1 +
αs
4π
[−(CA + CF )L(s)2 + V1(s, t, u)L(s) +W2(s, t, u)]}
C++1 (s, t, u) = C−−1 (s, t, u) = 2g2s
√
u
t
αs
4π
W3(s, t, u)
C−+2 (s, t, u) = C+−1 (s, u, t)
C+−2 (s, t, u) = C−+1 (s, u, t)
C++2 (s, t, u) = C−−2 (s, t, u) = C++1 (s, u, t)
C−+3 (s, t, u) = 2g2s
√
t
u
αs
4π
{V2(s, t, u)L(s) +W4(s, t, u)}
C+−3 (s, t, u) = C−+3 (s, u, t)
C++3 (s, t, u) = C−−3 (s, t, u) = 0 ,
(B.3)
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MΓI Γ = 1, 2 3, 4 5, 6 1, 2 3, 4 5, 6
I = 1
s
u
u
s
t2
su
4
s2
tu
u
t
t
u
2
s
t
u2
st
t
s
5
s
t
u2
st
t
s
3
s
u
u
s
t2
su
6
s2
tu
u
t
t
u
Table 3. LO matching coefficients MΓ1 for the 4-gluon channel.
where
W1(s, t, u) =(CA − CF ) s
u
(
[L(s)− L(t)]2 + π2
)
+ CA − 8CF +
(
7CA + CF
6
)
π2
W2(s, t, u) =
(
−CF s
3
u3
− CA t
3 + u3 − s3
2u3
)(
[L(s)− L(t)]2 + π2
)
+
(
2CA
ts
u2
+ CF
s(2s− u)
u2
)
[L(t)− L(s)] + CF t− 7u
u
− CA t
u
+
(
7CA + CF
6
)
π2
W3(s, t, u) =2CF − 2CA − 2t
3s
(CA − nf)
W4(s, t, u) =− 3u
4t
[L(s)− L(u)]2 − [L(s)− L(t)][L(s)− L(u)] + 3π
2
2
u2
ts
V1(s, t, u) =3CF − 2CA[L(t)− L(s)]
V2(s, t, u) =[L(s)− L(u)] + t
s
[L(t)− L(u)] .
(B.4)
For the other crossed channels, the Wilson coefficients can be obtained by using
crossing relations shown in table 1.
For 4-gluon channel, the Wilson coefficients can be obtained by eq. (4.6). The
LO matching coefficients MΓI can be obtained in table B. At NLO, we also need Q.
They can be expressed in terms of A, B and F , the expressions of which are
A(s, t, u) =− 2CAL(u)2 +
(
− 2CA[L(s)− L(u)] + β0
)
L(u) +
(
4π2
3
− 67
9
)
CA +
10
9
nf
B(s, t, u) =A(s, t, u) + β0u
t
[L(u)− L(s)]− 3nf
2
su
t2
(
[L(u)− L(s)]2 + π2
)
+ (CA − nf)su
t2
[
s− u
t
[L(u)− L(s)] +
(su
t2
− 2
)(
[L(u)− L(s)]2 + π2
)
− 1
]
F(s, t, u) = 1
CA
(
s2
tu
B(t, s, u) + s
2
tu
B(u, s, t) + 2s
u
A(s, t, u) + 2s
t
A(s, u, t)
)
.
(B.5)
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C Calculation of the soft functions
C.1 Color Matrix
The color matrix of NLO soft function has been defined in eq. (6.5). At tree level,
the color matrix is
s˜
(0)
qq′→qq′ =
(
1
2
CACF 0
0 C2A
)
. (C.1)
The NLO color matrix is
w12 =
( −CF
2
CACF
2
CACF
2
0
)
, w13 =
( CF
4
0
0 −C2ACF
)
,
w14 =
( CF
2
− 1
4
C2ACF −12CACF
−1
2
CACF 0
)
,
w23 = w14 , w24 = w13 , w34 = w12 . (C.2)
For gg → qq¯ channel, the color matrix at tree level is
s˜
(0)
gg→qq¯ =
CAC2F −CF2 CACF−CF
2
CAC
2
F CACF
CACF CACF 2C
2
ACF
 . (C.3)
The NLO color matrix is
w12 =
−14C3ACF 0 −C2ACF0 −1
4
C3ACF −C2ACF
−C2ACF −C2ACF −2C2ACFCA
 ,
w13 =
 112C2ACF (1− 3CA) 112C2ACF −12C2ACF1
12
C2ACF
1
12
C2ACF
1
2
C2ACF
−1
2
C2ACF
1
2
C2ACF 0
 ,
w14 =
 112C2ACF 112C2ACF 12C2ACF1
12
C2ACF
1
12
C2ACF (1− 3CA) −12C2ACF
1
2
C2ACF −12C2ACF 0
 ,
w34 =
 −CF12 − 112 (3CA + 1)CF −CAC2F− 1
12
(3CA + 1)CF −CF12 −CAC2F
−CAC2F −CAC2F −2C2AC2F
 ,
w23 = w14 , w24 = w14 . (C.4)
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For gg → gg channel the color matrix at tree level is
s˜
(0)
gg→gg =
CF
8CA

a0 b0 c0 b0 b0 b0 d0 d0 −e0
b0 a0 b0 b0 c0 b0 −e0 d0 d0
c0 b0 a0 b0 b0 b0 d0 d0 −e0
b0 b0 b0 a0 b0 c0 d0 −e0 d0
b0 c0 b0 b0 a0 b0 −e0 d0 d0
b0 b0 b0 c0 b0 a0 d0 −e0 d0
d0 −e0 d0 d0 −e0 d0 d0e0 e20 e20
d0 d0 d0 −e0 d0 −e0 e20 d0e0 e20
−e0 d0 −e0 d0 d0 d0 e20 e20 d0e0

, (C.5)
with
a0 = C
4
A − 3C2A + 3 , b0 = 3− C2A , c0 = 3 + C2A , d0 = 2C2ACF , e0 = CA .
(C.6)
The NLO color matrix is
w12 =

a h c b h b −f d 0
h a h b c b 0 d −f
c h a b h b −f d 0
b b b g b g f k f
h c h b a b 0 d −f
b b b g b g f k f
−f 0 −f f 0 f 0 −e e
d d d k d k −e m −e
0 −f 0 f −f f e −e 0

, w13 =

g b g b b b f f k
b a b h c h 0 −f d
g b g b b b f f k
b h b a h c −f 0 d
b c b h a h 0 −f d
b h b c h a −f 0 d
f 0 f −f 0 −f 0 e −e
f −f f 0 −f 0 e 0 −e
k d k d d d −e −e m

,
w14 =

a b c h b h d −f 0
b g b b g b k f f
c b a h b h d −f 0
h b h a b c d 0 −f
b g b b g b k f f
h b h c b a d 0 −f
d k d d k d m −e −e
−f f −f 0 f 0 −e 0 e
0 f 0 −f f −f −e e 0

,
w23 = w14 , w24 = w13 , w34 = w12 , (C.7)
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with
a = − 1
16
(
C4A − 2C2A + 2
)
CF , b = − 1
16
(
2− C2A
)
CF , c = −1
8
(
C2A + 1
)
CF ,
d = −1
4
C2AC
2
F , e =
1
8
C2ACF , f =
1
16
C3ACF , g =
1
4
CAC
2
F , (C.8)
h = −CF
8
, k =
CACF
8
, m = −1
4
C3AC
2
F .
C.2 Calculation of Iij
Here, we show the detail of the calculation of the Iij function. First, in order to
compute Ioutij conveniently, we define an auxiliary function Iauxij (kout) with the mea-
surement function Maux(kout, R, q),
Maux(kout, R, q) =Θ
(
R2 − (y − yJ)2 − (φ− φJ)2
)
δ(kout − n¯J · q) , (C.9)
which is the same as Min in eq. (6.22) except for the delta function. Then Ioutij can
be obtained by
Ioutij (kout) = I fullij (kout)− Iauxij (kout) , (C.10)
where I fullij (kout) denote the soft radiation without constraints from jet algorithm, the
results of which are
I full12 (kout, µ) = −
(αs
4π
){
δ(k)
[
ln2
2n12
n14 n24
− π
2
6
]
+ 8
[
1
k
ln
(
k
µ
√
2n12
n14 n24
)]
⋆
}
,
I full13 (kout, µ) = −
(αs
4π
){
δ(k)
[
ln2
2n13
n14 n34
− π
2
6
]
+ 8
[
1
k
ln
(
k
µ
√
2n13
n14 n34
)]
⋆
}
,
I full23 (kout, µ) = −
(αs
4π
){
δ(k)
[
ln2
2n23
n24 n34
− π
2
6
]
+ 8
[
1
k
ln
(
k
µ
√
2n23
n24 n34
)]
⋆
}
,
I full14 (kout, µ) = I full24 (kout, µ) = I full34 (kout, µ) = 0 ,
(C.11)
where nij = ni · nj.
In partonic CM frame, the four vectors of initial and final partons can be written
as
nµ1 = (1, 0, 0, 1) ,
nµ2 = (1, 0, 0,−1) ,
pµJ1 = pT (cosh yJ , 0, 1, sinh yJ) ,
pµJ2 = pT (cosh yJ , 0,−1,− sinh yJ) ,
qµ = qT (cosh y, sinφ, cosφ, sinh y) .
(C.12)
This choice of frame makes the measurement functions simple but leaves the com-
plexity in delta function. The phase space integration can be written as∫
ddqδ(q2)Θ(q0) =
π
1
2
−ǫ
Γ(1
2
− ǫ)
∫ π
0
dφ sin−2ǫ φ
∫
dy
∫
dqT q
1−2ǫ
T . (C.13)
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Integrating over the delta function, we can get
qT =
kin cosh yJ
cosh(y − yJ)− cosφ , (C.14)
for soft emission inside jet, and
qT =
kout cosh yJ
cosh(y + yJ) + cosφ
, (C.15)
for the one outside the jet. For I inij and Iauxij , the integral region of rapidity y and
azimuthal angle φ are constrained by measurement function is a circle with radius
R. We redefine the integration variables
y = y′ + yJ , y
′ = r cosϕ , φ = r sinϕ (C.16)
and then
∫
dy
∫ π
0
dφΘ(R2 − (y − yJ)2 − φ2) =
∫ R
0
drr
∫ π
0
dϕ . (C.17)
For I in12, we can get
I in12(kin, yJ , R, µ) =−
4παs
(2π)3−2ǫ
(
eγE
4π
)ǫ
2π
1
2
−ǫ
Γ(1
2
− ǫ)
1
kin
(
kin
µ
)−2ǫ
×
∫ R
0
drr
∫ π
0
dφ sin−2ǫ φ (cosh y′ − cosφ)2ǫ cosh−2ǫ yJ .
(C.18)
This integration can be computed analytically by approximation at small R
sin φ ≈ φ = r sinϕ ,
cosh y′ − cos φ ≈ 1
2
y′2 +
1
2
φ2 =
1
2
r2 .
(C.19)
From figure 4, we can see that the approximation is validity at even larger R, i.e.
R = 1. The other I inij and I
aux
ij functions can be calculated by similar method.
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The results of the refactorized soft function in Laplace space are
I˜ in12(κin, yJ , R, µ) =
(αs
4π
)(
AinI12 + γ
(0)
I12
Lin
)
,
I˜out12 (κout, yJ , R, µ) =
(αs
4π
)(
AoutI12 − γ(0)cusp L2out − γ(0)I12 Lout
)
,
I˜ in13(κin, yJ , R, µ) =
(αs
4π
)(
AinI13 +
1
2
γ(0)cuspL
2
in + γ
(0)
I13
Lin
)
,
I˜out13 (κout, yJ , R, µ) =
(αs
4π
)(
AoutI13 −
1
2
γ(0)cuspL
2
out + 2γ
(0)
cuspyJLout − γ(0)I13 Lout
)
,
I˜ in14(κin, yJ , R, µ) =
(αs
4π
)(
AinI14 + γ
(0)
I14
Lin
)
,
I˜out14 (κout, yJ , R, µ) =
(αs
4π
)(
AoutI14 − γ(0)I14 Lout
)
,
I˜ in34(κin, yJ , R, µ) =
(αs
4π
)(
AinI34 +
1
2
γ(0)cusp L
2
in + γ
(0)
I34
Lin
)
,
I˜out34 (κout, yJ , R, µ) =
(αs
4π
) [
AoutI34 +
1
2
γ(0)cusp L
2
out − 2γ(0)cusp ln (2 cosh yJ) Lout − γ(0)I34 Lout
]
,
I˜ in23(κin, yJ , R, µ) =I˜
in
13(κin,−yJ , R, µ) , I˜out23 (κout, yJ , R, µ) = I˜out13 (κout,−yJ , R, µ) ,
I˜ in24(κin, yJ , R, µ) =I˜
in
14(κin,−yJ , R, µ) , I˜out24 (κout, yJ , R, µ) = I˜out14 (κout,−yJ , R, µ) ,
with Lin = ln (2κin cosh yJ/µ) and Lout = ln (2κout cosh yJ/µ). The one-loop R-
dependent anomalous dimensions γIij are
γ
(0)
I12
(yJ , R) = −2R2 , γ(0)I13(yJ , R) = −
R2
2
− 4 lnR ,
γ
(0)
I14
(yJ , R) = − 1
16
R2
(
R2 + 8
)
e2yJ sech2yJ , γ
(0)
I34
(yJ , R) = −4 lnR ,
γ
(0)
I23
(yJ , R) = γ
(0)
I13
(−yJ , R) , γ(0)I24(yJ , R) = γ
(0)
I14
(−yJ , R) , (C.20)
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and the constant terms Ain,outIij are
AinI12(yJ , R) =R
2 (−1 + 2 lnR) ,
AoutI12 (yJ , R) =− 4R2 ln (2 cosh yJ) +R2(−1 + 2 lnR)−
π2
2
,
AinI13(yJ , R) =
1
2
R2 lnR + 2 ln2R +
π2
4
,
AoutI13 (yJ , R) =
1
2
[
R2 − 16 ln(2 cosh yJ)
]
lnR− (R2 + 8yJ) ln(2 cosh yJ)
− R
2
2
+ 2 ln2R− 4y2J + 4 ln2(2 cosh yJ)−
π2
4
,
AinI14(yJ , R) =
1
64
R2
[
R2 + 4
(
R2 + 8
)
lnR − 16] e2yJ sech2yJ ,
AoutI14 (yJ , R) =
1
64
R2
[−8 (R2 + 8) ln(2 cosh yJ)− 3R2 + 4 (R2 + 8) lnR− 16] e2yJ sech2yJ ,
AinI34(yJ , R) =2 ln
2R +
π2
4
,
AoutI34 (yJ , R) =− 8 ln(2 cosh yJ) lnR + 2 ln2R + 8 ln2(2 cosh yJ) +
π2
4
,
AinI23(yJ , R) =A
in
I13
(−yJ , R) , AoutI23 (yJ , R) = AoutI13 (−yJ , R) ,
AinI24(yJ , R) =A
in
I14
(−yJ , R) , AoutI24 (yJ , R) = AoutI14 (−yJ , R) .
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